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Abstract 



Q I For an ordered set W = {101,1x12, . . . ,'Wk} of vertices and a vertex f in a connected graph 

^ ■ G, the ordered A;-vector r(?;|l^) := {d{v , wi) , d{v , W2) , ■ ■ ■ ,d{v,Wk)) is cahed the (metric) 

representation of v with respect to W, where d{x,y) is the distance between the vertices 
X and y. The set W is called a resolving set for G if distinct vertices of G have distinct 
representations with respect to W . The minimum cardinality of a resolving set for G is 
its metric dimension. In this paper, we study the metric dimension of the lexicographic 
product of graphs G and H, G[H]. First, we introduce a new parameter which is called 
adjacency metric dimension of a graph. Then, we obtain the metric dimension of G[H] 
• in terms of the order of G and the adjacency metric dimension of H. 

m 
cn 

' Keywords: Lexicographic product; Resolving set; Metric dimension; Basis; Adjacency metric 

■ dimension. 
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> ; 1 Introduction 

d 1: In this section, we present some definitions and known results which are necessary to prove our main 
theorems. Throughout this paper, G = {V, E) is a finite simple graph. We use G for the complement 
of graph G. The distance between two vertices u and v, denoted by dciu, v), is the length of a shortest 
path between u and v in G. Also, Ng{v) is the set of all neighbors of vertex v in G. We write these 
simply d{u,v) and N{v), when no confusion can arise. The notations u ~ f and u v denote the 
adjacency and none- adjacency relation between u and v, respectively. The symbols {vi,V2, ■ ■ ■ ^Vn) 
and {vi,V2, ■ ■ ■ , fn, f 1) represent a path of order n, Pn, and a cycle of order n, C„, respectively. 

For an ordered set W = {wi,W2, ■ ■ ■ , wt} ^ ^(C) ^-nd a vertex v of G, the /c-vector 

r{v\W) := {d{v, wi), d{v, W2), d{v, Wk)) 

is called the {metric) representation of v with respect to W . The set W is called a resolving set for 
G if distinct vertices have different representations. In this case, we say set W resolves G. Elements 
in a resolving set are called landmarks. A resolving set W for G with minimum cardinality is called 
a basis of G, and its cardinality is the metric dimension of G, denoted by /3(G). The concept of 
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(metric) representation is introduced by Slater [llj (see [S]). For more results related to these concepts 
see [DEI El 12]. 

We say an ordered set W resolves a set T of vertices in G, if the representations of vertices in 
T are distinct with respect to W. When W = {x}, we say that vertex x resolves T. To see that 
whether a given set PV^ is a resolving set for G, it is sufficient to look at the representations of vertices 
in V{G)\W, because w G W is the unique vertex of G for which d{w,w) = 0. 

Two distinct vertices u,v are said twins if N(y)\{u] = N{u)\{v}. It is called that u = v \i and 
only \i u = V or u,v are twins. In [H], it is proved that "=" is an equivalent relation. The equivalence 
class of vertex v is denoted by v* . Hernando et al. [9] proved that v* is a clique or an independent 
set in G. As in [9|, we say v* is of type (1), (K), or (N) if v* is a class of size 1, a clique of size at 
least 2, or an independent set of size at least 2. We denote the number of equivalence classes of G 
with respect to "=" by i{G). We mean by l.j^{G) and ijv(G), the number of classes of type (K) and 
type (N) in G, respectively. We also use a{G) and b{G) for the number of all vertices in G which have 
at least an adjacent twin and a none-adjacent twin vertex in G, respectively. On the other way, a{G) 
is the number of all vertices in the classes of type (K) and b{G) is the number of all vertices in the 
classes of type (N). Clearly, i{G) = n{G) - a{G) - b{G) + i„{G) + i^{G). 

Observation 1. [9] Suppose that u,v are twins in a graph G and W resolves G. Then u or v is in 
W . Moreover, if u €W and v ^ W, then {W \ {u}) U {v} also resolves G. 

Theorem A. [6j Let G be a connected graph of order n. Then, 

(i) /3(G) = 1 if and only if G = P„, 

(ii) /3(G) = n - 1 if and only if G = 

Theorem B. [2l[3] 

(i) If {3,6}, then/3(G„Viri) = [^J, 

(ii) If {1,2,3,6}, then/3(P„ VKi) = [^J- 

The metric dimension of cartesian product of graphs is studied by Caseres et al. in They obtained 
the metric dimension of cartesian product of graphs G and H, GDH, where G,H ^ {Pn,Cn, Kn}- 

The lexicographic product of graphs G and H, denoted by G[H], is a graph with vertex set 
V{G) X V{H) := {{v,u) \ v € V{G),u E V{H)}, where two vertices {v,u) and {v',u') are adja- 
cent whenever, v ^ v', or v = v' and u u' . When the order of G is at least 2, it is easy to see that 
G[H] is a connected graph if and only if G is a connected graph. 

This paper is aimed to investigate the metric dimension of lexicographic product of graphs. The 
main goal of Section [2] is introducing a new parameter, which we call it adjacency metric dimension. 
In Section [3l we prove some relations to determine the metric dimension of lexicographic product of 
graphs, G[H], in terms of the order of G and the adjacency metric dimension of H. As a corollary of 
our main theorems, we obtain the exact value of the metric dimension of G[H], where G = G„(n > 5) 

or G = Priin > 4), and H € {Pm-, Cm-, Pm-, Cm-, K„ii,...,m,fi Km\,...,mt\- 
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2 Adjacency Resolving Sets 



S. Khuller et al. [lOj have considered the apphcation of the metric dimension of a connected graph in 
robot navigation. In that sense, a robot moves from node to node of a graph space. If the robot knows 
its distances to a sufficiently large set of landmarks, its position on the graph is uniquely determined. 
This suggest the problem of finding the fewest number of landmarks needed, and where should be 
located, so that the distances to the landmarks uniquely determine the robot's position on the graph. 
The solution of this problem is the metric dimension and a basis of the graph. 

Now let there exist a large number of landmarks, but the cost of computing distance is much for the 
robot. In this case, robot can determine its position on the graph only by knowing landmarks which 
are adjacent to it. Here, the problem of finding the fewest number of landmarks needed, and where 
should be located, so that the adjacency and none-adjacency to the landmarks uniquely determine 
the robot's position on the graph is a different problem. The answer to this problem is one of the 
motivations of introducing adjacency resolving sets in graphs. 

Definition 1. Let G be a graph and W = {wi,'W2, ■ ■ ■ ,Wk} be an ordered subset of V{G). For each 
vertex v G V{G) the adjacency representation of v with respect to W is k-vector 



If all distinct vertices of G have distinct adjacency representations, W is called an adjacency resolving 
set for G. The minimum cardinality of an adjacency resolving set is called adjacency metric dimension 
of G, denoted by /32{G). An adjacency resolving set of cardinality (32{G) is called an adjacency basis 



By the definition, if G is a connected graph with diameter 2, then /3(G) = /32(G). The converse is 
false; it can be seen that (32{Ce) = 2 = (3{Gq) while, diamiC^) = 3. 

In the following, we obtain some useful results on the adjacency metric dimension of graphs. 
Proposition 1. For every connected graph G, /3{G) < /32(G). 

Proof. Let W be an adjacency basis of G. Thus, for each pair of vertices u,v there exist 

a vertex w G W such that, aciu^w) ^ aciy^w). Therefore, dciu^w) ^ dG{v,w) and hence W is a 
resolving set for G. ■ 

Proposition 2. For every graph G, /32(G) = /32(G). 

Proof. Let W be an adjacency basis of G. For each pair of vertices u,v G V{G), there exist a vertex 
w gW such that aG{u,w) ^ aG{v,w). Without loss of generality, assume that aciu^w) < aciv^w). 
Thus, if aciu^w) = 0, then a-(^{u,w) = and aQ{v,uj) > 0. Also, if aG{u,w) = 1, then aG{v,w) = 2 
and hence, a-Q^u^vu) = 2 and a-^{v,w) = 1. Therefore, W is an adjacency resolving set for G and 
/32(G) < /32(G). Since ^ = G, we conclude that /32(G) < /32(G) and consequently, /32(G) = /32(G). ■ 



r2{v\W) := {aciv, vui), adv, W2), . . . , adv, Wk)) 



where 




V = Wi, 

1 if w ~ Wi, 

2 ii V oo Wi. 



ofG. 
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Let G be a graph of order n. It is easy to see that, 1 < /32(G) < n — 1. In the following proposition, 
we characterize all graphs G with /32(G) = 1 and all graphs G of order n and /32(G) = n — 1. 

Proposition 3. If G is a graph of order n, then 

(i) /32(G) = 1 if and only if G e {Pi, P2, ^3,^2, ^^a}- 
(a) /32(G) = n — 1 if and only if G = Kn or G = Kn- 

Proof, (i) It is easy to see that for G G {Pi, P2, P3, P2, P3}, /32(G) = 1. Conversely, let G be a 
graph with /32(G) = 1. If G is a connected graph, then by Proposition [H /3(G) < /32(G) = 1. Thus, 
by Theorem El G = P„. If n > 4, then l32{Pn) > 2. Hence, n < 3. If G is a disconnected graph and 
/32(G) = 1, then G is a connected graph and by Proposition [21 /32(G) = 1. Thus, G = Pn, n E {2,3}. 
Therefore, G = P2 or G = P3. 

(ii) By Proposition [H we have n — 1 = (i{Kn) < /32(/Cn)- On the other hand, /32(G) < n — 1. Therefore, 
/32(-f^n) = n — 1 and by Proposition [2l f32{Kn) = fi2{Kn) = n — 1. Conversely, let G be a connected 
graph with /32(G) = n — 1. Suppose on the contrary that G 7^ Kn- Thus, P3 is an induced subgraph of 
G. Let P3 = (xi, X2, xa). Therefore, 00(^2, xi) = 1 and adx^^xi) = 2. Consequently, y(G)\{x2, xs} 
is an adjacency resolving set for G of cardinality n — 2. That is, /32(G) < n — 2, which is a contradiction. 
Hence, G = Kn- If G is a disconnected graph with /32(G) = n — 1, then G is a connected graph and 
by Proposition El ^2(G) = n - 1. Thus, G = Kn- ■ 

Lemma 1. If u is a vertex of degree n{G) — 1 in a connected graph G, then G has a basis which does 
not include u- 

Proof. Let i? be a basis of G which contains u. Thus, r{u\B\{u}) = (!,..., 1). Since P is a basis of 
G, there exist two vertices VjW £ V{G)\{B\{u}) such that, r{v\B\{u}) = r{w\B\{u}) and dG{u,v) 7^ 
dciu^w)- If u ^ {v,w}, then d{u,v) = d{u,w) = 1, which is a contradiction. Hence, u € {v^w}, 
say u = V- Therefore, r{w\B\{u}) = r{u\B\{u}) = (1,1,...,!) and for each x,y £ V{G)\{u,'w}, 
r{x\B\{u}) 7^ r{y\B\{u})- Note that, r{w\B) = (1, 1, . . . , 1), because u ^ w- Since P is a basis of G, 
w is the unique vertex of G which its representation with respect to B is entirely 1. It implies that w 
is the unique vertex of G\B with r{w\B\{u}) = (1,1,..., 1). Therefore, the set {B\{u}) U {w} is a 
basis of G which does not contain u. ■ 

Proposition 4. For every graph G, /3{GVKi)-l < /32(G) < /3(GVi^i). Moreover, /32(G) = /3(GVi^i) 
if and only if G has an adjacency basis for which no vertex has adjacency representation entirely 1 
with respect to it. 

Proof. Let V{G) = {vi,V2, - - - ,Vn} and V{Ki) = {u}. Note that, dGvKi{vi,Vj) = aG{vi,Vj), 1 < 
i,j < n- By Lemmadl G V Ki has a basis B = {bi, 62, ... , bk} such that u ^ B- Therefore, 

r{vi\B) = idGvKi{vi,bi),dGvKAvi,b2), - - - ,dGvKAvi,bk)) = r2{vi\B) 

for each Vi, 1 < i < n- Thus, B is an adjacency resolving set for G and /32(G) < /3(G V Ki)- 

Now let W = {wi,uj2, - - - ,wt} be an adjacency basis of G. Since dG\/Ki{vi,Wj) = aG{vi,ujj), 
I < i < n, I < j < t, we have r{vi\W) = r2{vi\W), 1 <i < n- Hence, W resolves V{G V Ki)\{u} and 
/3(G V Ki) — 1 < /32(G). On the other hand, r(ti|I1^) is entirely 1. Therefore, is a resolving set for 
G V Ki if and only if r2{vi\W) is not entirely 1 for every Vi, 1 < i < n. Since /32(G) < /3(G V Ki), we 
have /32(G) = /3(G V Ki) if and only if r2{vi\W) is not entirely 1 for every Vi, 1 < i < n. ■ 
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Proposition 5. If n > 4, then /32(C„) = /32(Pn) = L^J- 



Proof. If n < 8, then by a simple computation, we can see that /32(Cn) = hiPn) = L^^^J- Now, let 
G G {Pn, C„}, and n > 9. By TheoremEl ViCi) = [^^J > 4. Hence, by Proposition H we have 
^2(0) > 3. If W is an adjacency basis of G, then for each vertex v £ V{G), r2{v\W) is not entirely 1, 
because v has at most two neighbors. Therefore, by Proposition HI (32{G) = j32{G V Ki) = [ ^"^^ J • ■ 

Proposition 6. If Kmi^m2,...,mt is the complete t-partite graph, then 

,1712,. ..,mt ,m2,...,mt 

where mi, m2, • • • , rrir are at least 2, m^+i = ■ ■ ■ = mt = 1, and J2i=i "^-j = ^• 

Proof. Since diam{Kmi,m2,...,mt) = 2, we have /32(i^mi,m2,...,mt) = /3(i^'mi,m2,...,mt)- Let Mj be the 
partite set of size rui, 1 < i <t. For each i, 1 < i < r, all vertices of Mj are none-adjacent twins. Also, 
all vertices of U*^^^;^Mj are adjacent twins. Let Xi be a fixed vertex in Mj, 1 < i < r. If r = t, then 
by Observation [H (3{Kmi,m2,...,mt) ^ J2i=i ^-i ~ ^- Also, the set ul^iMi\{xi , X2, ■ ■ ■ , Xr} is a resolving 
set for ifmi,m2,...,mt with cardinality ELi "^i " Thus, l3{Km^^rn2,...,mt) = ELi "^j - r = m - r. 
If r 7^ i, then [Jl^^_^_^Mi ^ 0. Let x^+i G U*^j,_,_]^Mj. Observation [T] implies that /3{Kmi,m2,...,mt) ^ 
X]i=i mj — r — 1. On the other hand, the set U*^;^Mj\{xi, 2:2, . . . , Xr+i} is a resolving set for Kmx,m2,...,mt 
with cardinality X)i=i m-j — l=?7i — r— 1. ■ 



m — r — 1 ifr^t, 
m — r if r = t. 



3 Lexicographic Product of Graphs 

Throughout this section, G is a connected graph of order n, V{G) = {fi, f2, • • • , Vn}, H is a, graph of 
order m, and V{H) = {ui,U2, ■ ■ ■ ,Um}- Therefore, G[H] is a connected graph. For convenience, we 
denote the vertex {vi,Uj) of G[II] by Vij. Note that, for each pair of vertices Vij,Vrs G V{G[II]), 

1 if = and ~ n^, 

2 if fj = t;^ and Uj Ug. 

On the other words, 

/ X / dG{Vi,Vr) if I'i / Vr, 

dGlH]{vij,Vrs)-<^ aj^(n,-,^x,) otherwise. 

Let be a subset of V{G[H]). The projection of S" onto i7 is the set {uj G | % G -5}. Also, the 

ith row of G[i^], denoted by Hi, is the set {vij G | 1 < i < m}. 

Lemma 2. // C V{G[H]) is a resolving set for G[H], then WnHi resolves Hi, for each i, 1 < i < n. 
Moreover, the projection ofWOHi onto H is an adjacency resolving set for H, for each i, 1 <i <n. 

Proof. Since W resolves G[H], for each pair of vertices Vij,Viq G Hi, there exist a vertex Vrt G W 

such that, dG[H]iVrt,Vij) / dG[H]{Vrt,Viq). lir ^ i, then dG[H]{Vrt,Vij) = dciVr^Vi) = dG[H]{Vrt,Viq), 

which is a contradiction. Therefore, i = r and W Ci Hi resolves Hi. 

Now, let Uj,Uq G V{H). Since W (1 Hi resolves Hi, there exist a vertex va G W (1 Hi such 
that, dG[H]{vit,Vij) / dG[H]ivit,Viq). Hence, aH{ut,Uj) = dG[H]{vit,Vij) / dG[H]{vit,Viq) = aH{ut,Uq). 
Consequently, the projection of n Hi onto H is an adjacency resolving set for H. ■ 
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By Lemma [21 every basis of G[H] contains at least P2{H) vertices from each copy of H in G[H]. Thus, 
the following lower bound for I3{G[H]) is obtained. 

I3{G[H]) > n(32{H). (1) 



Theorem 1. Let G be a connected graph of order n and H be an arbitrary graph. If there exist two 
adjacency bases Wi and W2 of H such that, there is no vertex with adjacency representation entirely 1 
with respect to Wi and no vertex with adjacency representation entirely 2 with respect to W2, then 
l3{G[H\)=l5{G\H])=nh{H). 

Proof. By Inequality [H we have f3{G[H]) > n(32{H). To prove the equality, it is enough to provide 
a resolving set for G[H] of size nj32{H). For this sake, let 

S = {vij G Y{G\H\) I Vi G K{G), Uj G W^} U {vij G V{G{H\) \ ^ K{G), uj G W2}, 

where K{G) is the set of all vertices of G in equivalence classes of type (K). On the other word, K{G) 
is the set of all vertices of G which have adjacent twins. We show that is a resolving set for G[H]. 
Let VrtjVpq G V{G[H])\S be two distinct vertices. The following possibilities can be happened. 

1. r = p. Note that, Vrt / Vpq implies that t ^ q. Since Wi and W2 are adjacency resolving sets, there 
exist vertices Uj G Wi and ui G W2 such that, aniutjUj) 7^ 0'H{uq,Uj) and aH{ut,ui) / aH{uq,ui). If 
Vr G K{G), then Vrj G S and dQyH]{vrt-,Vrj) = aHiut,Uj) 7^ aH{ug,Uj) = dQyfj]{vpq-,Vrj)- Similarly, if 

Vr i- K{G), then Vrl G S and dG[H]{Vrt,Vrl) / dG[H]{Vpq,Vrl). 

2. r ^ p and Vr,Vp G K{G). If Vr and Vp are not twins, then there exist a vertex Vi G V{G)\{vr,Vp} 
which is adjacent to only one of the vertices Vr and Vp. Hence, for each Uj G Wi, we have Vij G S 
and dG[H]ivrt,Vij) = dcivr^Vi) 7^ dcivp^Vi) = dG[H]ivpq,Vij). If Vr and Vp are twins, then Vr ~ 
Vp, because Vr,Vp G K{G). Since r2{ut\Wi) is not entirely 1, there exist a vertex ui G Wi such 
that, aH{ut,ui) = 2. Therefore, Vri G S and dQyfj]{vrt-,Vri) = aniut^ui) = 2. On the other hand, 

dG[H]iVpq,Vrl) = dciVp^Vr) = 1. ThuS, dG[H]iVrt, Vrl) / dciHli^pq, Vrl) ■ 

3. r ^ p, Vr £ K{G), and Vg ^ K{G). In this case, Vr and Vp are not twins. Therefore, there exist a 
vertex Vi G , I'p} which is adjacent to only one of the vertices Vr and Vp. Let Uj be a vertex 
of Wi U W2, such that Vij G S". Hence, dG[H] (^rt, %) = dcivr^Vi) / dcivp^Vi) = dc[H]ivpq,Vij). 

4. r ^ p and Vr,^^p ^ ^{G)- If and are not twins, then there exist a vertex Vi G y(G)\{t;r, fp} 
which is adjacent to only one of the vertices Vr and Vp. Thus, for each uj G W2, we have Vij G S 
and dG[H]ivrt,Vij) = dcivr^Vi) / dcivp^Vi) = dG[H]ivpq,Vij). If and are twins, then Vr ^ 
Vp, because Vr,Vp ^ K{G). Since r2(nt|W2) is not entirely 2, there exist a vertex G W2, such 
that aH{ut,ui) = 1. Therefore, G S" and dQ^ijT^{vrt-,Vri) = aH{ut,ui) = 1. On the other hand, 
dG[H]ivpq,Vri) = dG{vp,Vr) = 2, since Vr and Vp are none-adjacent twins in the connected G. Hence, 

dG[H]{Vrt,Vrl) 7^ dG[H]{Vpq,Vrl) ■ 

Thus, r{vrt\S) 7^ r{vpq\S). Therefore, 5 is a resolving set for G[H] with cardinality n/32{H). 

Clearly, in H, for each u G V{H), r2{u\Wi) is not entirely 2 and r2{u\W2) is not entirely 1. Since 
(32iH) = I32{H), by interchanging the roles of Wi and W2 for H, we conclude /3(G[ff]) = n/32{H) = 
n(32{H). u 
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In the following three theorems, we obtain /3{G[H]), when H does not satisfy the assumption of 
Theorem [TJ 

Theorem 2. Let G be a connected graph of order n and H he an arbitrary graph. If for each adjacency 
basis W of H there exist vertices with adjacency representations entirely 1 and entirely 2 with respect 
to W, then P{G[H]) = P{G\H]) = n(/32(^) + 1) - i{G). 

Proof. Let B he & basis of G\H] and Bi be the projection oi B Hi onto H, for each i, 1 < i < n. 
By Lemma m Sj's are adjacency resolving sets for H. Therefore, \B D Hi\ = \Bi\ > P2{H) for each i, 
1 <i <n. 

Let I = {i \ \Bi\ = f52{H)}. We claim that |/| < i{G), otherwise by the pigeonhole principle, 
there exist a pair of twin vertices Vr^Vp € V{G) such that, \Br\ = \Bp\ = f32{H). Since Br and Bp are 
adjacency bases of by the assumption there are vertices ut and Uq with adjacency representations 
entirely 1 with respect to B^ and Bp, respectively. Also, there are vertices u[ and u'^ with adjacency 
representations entirely 2 with respect to B^ and Bp, respectively. Hence, for each u & Br and u' G Bp, 
we have ut ~ u, Uf u, Uq ^ u' , and Uqi u' . li Vr ^ Vp, then for each Vij G B one of the following 
cases can be happened. 

1. i ^ {r,p}. Since Vr and Vp are twins, we have dcivrjVi) = dG{vp,Vi). On the other hand, 

dG[H]{Vrt,Vij) = dG{Vr,Vi) and dG[H]{Vpq,Vij) = dG{Vp,Vi). Thus, dG[H]{Vrt,Vij) = dG[H]{Vpq,Vij). 

2. i = p ^ r. In this case, dG[H]{vpg,Vij) = aH{uq,Uj) and dG[H]{vrt,Vij) = dG{vr,Vi). Since 
Vi = Vp ^ Vr, we have dG{vr,Vi) = 1. On the other hand Uj G Bp and hence, aH{uq,Uj) = 1. 
Therefore, dG[H]{vruVij) = dG[H]{vpg,Vij). 

3. i = r ^ p. Similar to previous case, dG[H](^rt5 %) = cLH{ut,Uj) = 1 and dG[H]{vpq-,Vij) = 
dG{vp,Vi) = 1. Consequently, dG[H]{vrt,Vij) = dG[H]ivpq,Vij). 

4. i = p = r. In this case, rfG[i?]('"p9) %) = CLH{uq,Uj) and dG[H]{'^rt-,Vij) = aniutjUj). Since, 
Uj e Bp = Br, we have aH{uq,Uj) = 1 = aH{ut,Uj). Thus, dG[H\{vrt,Vij) = dG[H\{vpq,Vij). 

Hence, Vr ~ Vp implies that r{vrt\B) = r{vpq\B), which is a contradiction. Therefore, Vr ^ Vp. Since 
G is a connected graph, none-adjacent twin vertices Vr and Vp have at least one common neighbor 
and thus, dG{vr,Vp) = 2. Consequently, by a same method as the case Vr ~ Vp, we can see that 
r{vrt'\B) = r{vpq'\B), which contradicts the assumption that ii? is a basis of G[H]. Hence |/| < l{G). 
On the other hand, every basis of G[H] has at least f32{H) + 1 vertices in Hi, where i ^ I. Therefore, 

f3iG[H]) = \B\ = \U'l^,iBnH,)\ > \I\132{H) + (n - \I\){l32iH) + 1) 

= np2{H)+n-\I\ 
> n{f32{H) + l)-i{G). 

Now let W be an adjacency basis of H. By assumption, there exist vertices ui,U2 G V{H)\W such 
that, ui is adjacent to all vertices of W and U2 is not adjacent to any vertex of W . Also, let K{G) be 
the set of all classes of type (K), and N{G) be the set of all classes of G of type (N) in G. Choose 
fixed vertex v from v* for each v* G N{G) U K{G). We claim that the set 

S = {vij G V{G[H]) I G VF} U {vti I vt G ^v*<^K(G){v*\{v})} U {vt2 \ vt G U„.eJV(G)(^^*\{^^})} 

is a resolving set for G[H]. Let Vrt,Vpq G V{G[H])\S. Hence, one of the following cases can be 
happened. 
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1. r = p. Since W is an adjacency basis of H, there exist a vertex Uj € W, such that af{{uq,Uj) ^ 
aH{ut,Uj). Therefore, dG[H]{vpq,Vrj) = aH{uq,Uj) / auiut^Uj) = dG[H]{vrt,Vrj). Consequently, 
r{vrt\S) / r{Vpq\S). 

2. r ^ p and v^^Vp are not twins. Hence, there exist a vertex Vi G y{G) which is adjacent to only 
one of the vertices Vr and Vp. Thus, for each vertex Uj G W, dQ[H]{vrt,Vij) = dG{vr,Vi) ^ dG{vp,Vi) = 
dG[H]ivpq,Vij). This yields, r{vrt\S) / r{vpq\S). 

3. Vr and Vp are adjacent twins. Therefore, at least one of the vertices Vri and Vpi, say Vri belongs 
to S. Since Vrt ^ S, we have t 1. Hence, there exists a vertex Uj € S, such that aH{ut,Uj) = 2, 
otherwise t = 1. Consequently, dQ[j{j{vrt,Vrj) = CLH{ut,Uj) = 2. On the other hand, dQ[jj]{vpq,Vrj) = 
dG{vp,Vr) = 1, because Vr ~ Vp. This gives, r{vrt\S) r{vpq\S). 

4. Vr and Vp are none-adjacent twins. In this case, at least one of the vertices Vr2 and Vp2, say Vr2 
belongs to S. Hence, t 7^ 2 and there exists a vertex uj G W, such that a}{{ut,Uj) = 1, otherwise 
t = 2. Therefore, dG[H]{vrt,Vrj) = auiut^Uj) = 1 / 2 = dcivp^Vr) = dG[H]{vpq,Vrj). Thus, r(i;rt|S') ^ 
r{vpq\S). 

Consequently, is a resolving set for G[H] with cardinality 

\S\ = nh{H) + a{G) - i^{G) + b{G) - l^{G) = nifS^iH) + 1) - 

Since all adjacency bases of H and H are the same, H satisfies the condition of the theorem. Hence, 
(3{G[H]) = n{f32{H) + 1) - i{G) and the proof is completed. ■ 

Theorem 3. Let G be a connected graph of order n and H be an arbitrary graph. If H has the 
following properties 

(i) for each adjacency basis of H there exist a vertex with adjacency representation entirely 1, 

(a) there exist an adjacency basis W of H such that there is no vertex with adjacency representation 
entirely 2 with respect to W, 

then ^{G[H]) = n^iH) + a{G) - Lj^{G). 

Proof. Let S be a basis of G[H] and Bi be the projection of B f] Hi onto H, for each i, 1 < i < n. 
By Lemma [21 i?j's are adjacency resolving sets for H. Therefore, \B f] Hi\ = \Bi\ > P2{H) for each i, 
1 < i < n. 

Let I = {i \ \Bi\ = /32{H)}. We claim that \I\ < n — a{G) + ij^{G), otherwise by the pigeonhole 
principle, there exist a pair of adjacent twin vertices Vr.,Vp € V{G), such that \Br\ = \Bp\ = j32{H). 
Since Br and Bp are adjacency bases of H, by assumption (i) there exist vertices ut,Uq € V{H) with 
adjacency representation entirely 1 with respect to Br and Bp, respectively. Hence, for each u G Br 
and each u' € Bp, we have ut ^ u, and Uq ^ u' . Since Vr ^ Vp, for each Vij € B one of the following 
cases can be happened. 

1. i ^ {r,p}. Since Vr and Vp are twins, we have dG{vr,Vi) = dG{vp,Vi). On the other hand, 

dG[H]{'^rt,Vij) = dciVr^Vi) and dG[H]{Vpq,Vij) = dG{Vp,Vi). Thus, dG[H]iVrt,Vij) = dG[H]{Vpq,Vij). 

2. i = p ^ r. In this case, dG[H]{vpq,Vij) = auiuq^Uj) and dG[H]{vrt,Vij) = dcivr^Vi). Since 
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Vi = Vp ^ Vr, we have dcivr^Vi) = 1. On the other hand Uj G Bp and hence, aH{uq,Uj) = 1. 
Therefore, dG[H]{vrt,Vij) = dG[H]{vpq,Vij). 

3. i = r ^ p. Similar to previous case, dG[H]{vrt,Vij) = aniutjUj) = 1 and dG[H]{vpq,Vij) = 
daivp^Vi) = 1. Consequently, dG[H]{i^rt,Vij) = dG[H]{vpq,Vij). 

4. i = p = r. In this case, dG[H]{vpq,Vij) = auiuq^Uj) and dG[H]{vrt,Vij) = aH{ut,Uj). Since, 
Uj € Bp = Br, we have aH{uq,Uj) = 1 = aH{ut,Uj). Thus, dG[H]ivrt,Vij) = dG[H]{vpq,Vij). 

Hence, r(?;rt|-B) = r(upg|i?), which is a contradiction. Therefore, |/| <n — a{G)-\-Lj^{G). On the other 
hand, every basis of G[H] has at least (i2{H) + 1 vertices in Hi, where i ^ I. Thus, 

(3{G[H]) = \B\ > \m{H) + in-\I\){f32iH) + l) 
= nP2{H)+n-\I\ 
> n^2{H) + a{G)-i^{G). 

Now let K(G) be the set of all classes of type (K) in G and v v* he a fixed vertex for each class v* 
of type (K). Also, let ui € V{H)\W, such that r2{ui\W) is entirely 1. Consider 

S = {vij € V{G[H]) I Uj eW}U {vn \ vt G U,*eKiG)iv*\{v})} 

and let Vrt,Vpq € V{G[H])\S. If Vr and Vp are not none-adjacent twins, then similar to the proof of 
Theorem [21 we have r{vrt\S) / r{vpq\S). Now, let Vr and Vp be none-adjacent twin vertices of G. 
By assumption, there exists a vertex uj £ W, such that aH{ut,Uj) = 1. Therefore, dG[H]{'>^rt,Vrj) = 
auiutiUj) = 1. On the other hand, dG[H]{vpq,Vrj) = dGivp,Vr) = 2, since Vr and Vp are none-adjacent 
twins in the connected graph G. Hence, r{vrt\S) ^ r{vpq\S). This implies that 5 is a resolving set for 
G[H] with cardinality n^2iH) + a{G) - i^{G). ■ 

By a similar proof, we have the following theorem. 

Theorem 4. Let G he a connected graph of order n and H be an arbitrary graph. If H has the 
following properties 

(i) for each adjacency basis of H there exist a vertex with adjacency representation entirely 2, 

(ii) there exist an adjacency basis W of H such that there is no vertex with adjacency representation 

entirely 1 with respect to W , 

then p{G[H]) = np2{H) + h{G) - i^{G). 

Corollary 1. If G has no pair of twin vertices, then j3{G[H]) = nj32{II). 

Proof. The adjacency bases of H satisfy one of the conditions of Theorems [TJOEl andH]. Now, if 
G does not have any pair of twin vertices, then i{G) = n, i^(G') = a{G) = 0, and i^{G) = b{G) = 0. 
Therefore, I3{G[H]) = nh{H). ■ 

By Theorems dl [21 [3l and [H the exact value of I3{G[H]) of many graphs G and H can be determined. 
In the following two corollaries, I3{G[II]) for some of the well known graphs are obtained. 
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Corollary 2. Let G = Pn, n > 4 or G = Cn, n > 5. Then, G does not have any pair of twin vertices. 
Thus by Corollary [Jl f3{G[H]) = nf32{H), for each graph H. In particular, by Propositions andO 
f32{Prn) = MCm) = (32(Pm) = p2{C^) = \_^\. Therefore, = /3(G[C7„]) = = 

l3{G[Gm]) =n[^^\. Also, by Propositions\^and\^ we have 

/3 {GIKyiii, 1712, nit 

where mi, m2, • • • , rur are at least 2, m^+i = ■ ■ ■ = mt = 1, and J2i=i = 



n(m 



if r t, 
ii r = t, 



Corollary 3. Let H = Kmi,in2,...,mt, where mi,m2, ■ ■ ■ ,mr are at least 2, m^+i = ■ ■ ■ = mt = 1, 
and Yll=i rui = m. Thus, for each adjacency basis of H there is no vertex of H with adjacency 
representation entirely 2. 

If r = t, then for each adjacency basis of H there is no vertex of H with adjacency representation 
entirely 1. Therefore, by Theorem\^ (3{G[H]) = n(32{H) for each connected graph G of order n. If 
r ^ t, then for each adjacency basis of H, there exist a vertex with adjacency representation entirely 1. 
Thus, by Theorem\^ f3{G[II\) = nl32{II) + a{G) — for each connected graph G of order n. 

In particular, if G = Kn, then all vertices of Kn are adjacent twins. Thus, a{Kn) = n and 
Lj^{Kn) = 1, hence, l3{Kn[H]) = nl32{II) + n — 1. Therefore, by Proposition^^ 



mn[H]) 



n{m — r) — 1 if r 7^ t, 
n{m — r) if r = i. 
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